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Abstract
We present a nonlinear mathematical model for a low-size and micro-power vibrational energy harvester targeted to 
power smart prostheses and in particular hip prostheses. Constraints such as available volume, allowable total weight 
and energy transducer mechanism difficult the development of an optimal generator system, especially considering 
the low frequencies involved in the human gait. Since non-linear behavior often conducts to better experimental 
results than those obtained using linear models, a nonlinear model is being pursued to reduce the volume of the 
generator and maximize performance. By including the non-linear effects of magnetic levitation used to suspend the 
inertial mass, influence of friction and effects of inductor non-idealities, preliminary results indicate better 
generator’s performance prediction which allows a more effective customization of the energy harvester.
© 2012 Published by Elsevier Ltd.
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1. Introduction
It is being considered that one of the best ways to power telemetric implants inside the human hip 
prostheses is converting energy from vibrations [1]. Following this approach, an electromagnetic micro-
generator was developed [2], and it is currently being optimized by resizing the central inertial mass 
magnet and eliminating the suspension spring, which can be achieved placing the central magnet on 
magnetic levitation by means of the magnetic force provided by two smaller magnets positioned in the 
extremities of the Teflon tube (Fig. 1). The inertial mass rests due to the bottom magnet magnetic field. 
When in movement, the interaction between magnets introduces nonlinear behavior making the usual 
model [1,2] inaccurate. In order to properly model the generator, it is of the most importance to describe 
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the generator behavior through a “complete” model with linear and nonlinear components in order to 
maximize its performance.
Fig. 1. 3D and geometrical representation of the generator.
2. Mathematical model
We have started with a model describing the vibrational mechanics of the microgenerator presented in 
[2], and then an analytical expression for the resulting magnetic forces acting on the central magnet is 
proposed ( MF in Eq. 1), which introduces the magnets characteristics (size and magnetizations) [3], 
windings, friction and electric load. Recently, a cubic polynomial approximation for such force was 
reported but it can only be used for a particular microgenerator (with well specified characteristics) [4]. 
As depicted in Fig. 2, the cubic curve-fitting deviates from the analytic function making it inappropriate 
in this case. Fig. 3 shows the effect of the magnetic braking using the analytic function, not being the case 
for the cubic model. The analytic function predicts a greater velocity (Fig. 4) than the one predicted by 
the linear/cubic model, which may justify the better experimental results obtained in [2]. The main 
advantage of the proposed model is that it can be used to tune the main characteristics of an arbitrary 
microgenerator in order to achieve maximum performance. By using a generic non-harmonic external 
excitation, rather than Eq. 2, more complex input signals, as the ones describing the human gait, can be 
used to customize the characteristics of a specific microgenerator so it can work at its peak of 
performance regardless the idiosyncrasies of each patient. Electric load effects and windings electric 
resistance, as well as friction, are currently being included on the proposed model.
Eq.1 is the simplified expression of the used model. Eq.2 is the usual expression for external excitation 
but in this work other inputs are being considered such as the one represented in Fig. 5.
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Where m is the mass of the central magnet, c is the damping coefficient and BFTFMF  , being
TF and BF the acting forces on the top and bottom magnet, respectively, on the central inertial mass.
The mathematical model (1), (2) was solved using the NDSolve package of Mathematica. In our 
numerical experiments, we have only considered the values of the characteristics of the transducer that is 
currently being constructed and presented in Fig.1, namely: d = 0:0785m; JT = 0:31T; JM = 0:56T; JB =
0:42T; hT = 0:002m; hM = 0:024m; hB = 0:003m; rT = 0:002m; rM = 0:004m; rB = 0:003m; c =
0:005N=(m/s); m = 0:0044Kg; Zm = 0:020m. In particular we compare the solutions of our model with the 
solutions of the correspondent models in which the magnetic force is a linear one or a cubic polynomial
approximation (see Figs. 2 and 3).
Fig. 2: Magnetic forces acting on the inertial mass. The cubic curve-fitting (A), only considering points in the central zone, does not 
correctly reflect the equilibrium position of the mass. The cubic curve-fitting (B), with more number of points, also does not 
correctly reflect the equilibrium position of the mass.
      (a)       (b)
Fig. 3. Relative position  (a) of the inertial mass in relation to the base of the Teflon tube for the analytic function and cubic 
approximation. The equilibrium position is represented by the horizontal line. This chart essentially reflects the effect of the 
magnetic brake, which affects the simulation of the equilibrium point. (b) Speed charts corresponding to the functions illustrated in 
Fig. 3. The analytical function illustrates a greater velocity when compared to that of the cubic model
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Fig. 5: Waveform used in external excitation rather than harmonic excitation.
3. Conclusion
This paper presented the first steps in the development of a complete mathematical model for a
vibrational energy harvester. Although the behavior of the solutions is similar for low frequencies, it 
becomes quite different for high values of the frequency (in our numerical experiments we observe 
substancial differences for higher frequencies. This model also presents a major advantage: it is useful for 
optimizing such devices since it incorporates several specifications of the prototype. This study will be 
left for future work.
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